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HYPERSURFACE ARRANGEMENTS OF ACM TYPE
E. BALLICO AND S. HUH
ABSTRACT. We investigate the arrangement of hypersurfaces on a nonsingular varieties whose associated
logarithmic vector bundle is arithmetically Cohen-Macaulay (for short, aCM), and prove that the projec-
tive space is the only smooth complete intersection with Picard rank one that admits an aCM logarithmic
vector bundle. We also obtain a number of results on aCM logarithmic vector bundles over several specific
varieties. As an opposite situationwe investigate the Torelli-type problem that the logarithmic cohomology
determines the arrangement.
1. INTRODUCTION
An arrangement D = {D1, . . . ,Dm} of smooth hypersurfaces with normal crossings on a non-singular
variety X , gives rise to the logarithmic sheaf Ω1X (logD) of differential 1-forms with logarithmic poles
alongD. This sheaf turns out to be locally free and was originally introduced by Deligne in [4] to define a
mixedHodge structure on X−∪m
i=1Di . In [16] Terao introduces the notion of freeness for an arrangement
D of hyperplanes on a projective space Pn , not necessarily with normal crossings: the arrangement D is
free if the dual of its associated logarithmic vector bundle is a direct sum of line bundles. The conjecture
in [13] states that the freeness of D depends only on the combinatorics of D, and it is widely open even
in the case of P2; refer to [13] for comprehensive understanding of this subject.
In this paper we concentrate on a generalized notion of the freeness for arrangements of hypersur-
faces over an arbitrary smooth projective variety. For a fixed polarization OX (1) on a nonsingular variety
X , a coherent sheaf E supporting on X is called arithmetically Cohen-Macaulay (for short, aCM) if it has
no intermediate cohomology, i.e. H i (E (t ))= 0 for all t ∈Z and i = 1, . . . ,dimX −1. As its algebraic coun-
terpart, over an aCM scheme X ⊂PN , it is well known that there exists a bijection between aCM sheaves
on X and maximal Cohen-Macaulay modules over its homogeneous coordinate ring. The famous Hor-
rocks’ theorem in [11] asserts that the only aCM vector bundle on Pn is a direct sum of line bundles, and
this motivates to define another notion for arrangements. We say that an arrangement D is of aCM type
if its logarithmic vector bundle Ω1X (logD) is aCM with respect to OX (1). Note that an arrangement D of
hyperplanes on Pn with normal crossings is of aCM type if and only if it is free.
Note from the Hodge theory and the existence of a polarization on X that the empty arrangement is
not of aCM type in any case. Themain result of this paper is the following.
Theorem 1.1. Let X ⊂ PN be a smooth complete intersection of dimension n ≥ 2; in case n = 2 assume
further that X is very general. If D is an arrangement of aCM type on X with respect to OX (1), then one of
the following holds.
(i) X =Pn and D = {H1, . . . ,Hm} is a hyperplane arrangement with 1≤m ≤n+1;
(ii) X = Q2 a smooth quadric surface and D = {A1, . . . ,Aa ,B1, . . . ,Bb} is the set of a +b distinct lines
with 1≤ a,b ≤ 3 such that Ai ∈ |OQ (1,0)| and B j ∈ |OQ (0,1)|.
2010Mathematics Subject Classification. Primary: 14J60; Secondary: 13C14, 32S22.
Key words and phrases. hypersurface arrangement, logarithmic sheaf, arithmetically Cohen-Macaulay bundle.
The first author is partially supported by GNSAGA of INDAM (Italy) and MIUR PRIN 2015 ‘Geometria delle varietà alge-
briche’. The second author is supported by the National Research Foundationof Korea(NRF) grant funded by the Korea govern-
ment(MSIT) (No. 2018R1C1A6004285 and No. 2016R1A5A1008055).
1
2 E. BALLICO AND S. HUH
Note that the assertion in Theorem 1.1 is not true in general due to counterexamples such as Fermat
quartics inP3; see Proposition 3.9 andRemark 3.10. As an automatic consequence, the only smooth com-
plete intersection of dimension at least two with Picard rank one, which admits an arrangement of aCM
type, is the projective space. For a general smooth variety with Picard rank one, we get non-existence of
arrangements of aCM type with respect to an ample line bundle with enough global sections; see Propo-
sition 2.13. While we also get non-existence results on surfaces of general type and abelian surfaces in
Propositions 4.3 and 4.4, there are plenty of examples of projective varieties with arrangements of aCM
type, specially with higher Picard rank, e.g. the blow-up of P2 at two points as in Proposition 4.5.
On the other hand, it is natural to consider the same vanishing condition for cohomology of logarith-
mic tangent bundleT X (− logD), which is the dual ofΩ1X (logD), inwhich case we call the arrangement of
T -aCM type. From the definition, the notion of T -aCM is equivalent to the notion of aCM if the canonical
sheaf is a multiple of the ample line bundle, i.e. X is subcanonical. In case when X is not subcanonical,
one can expect new arrangements of T -aCM type, even the trivial one. In the end of Section 4 we collect
a number of results on arrangements of T -aCM type on Hirzebruch surfaces.
In Section 5 we investigate the graded module H i∗(D)= ⊕t∈ZH
i (Ω1X (logD)(t )) associated to the loga-
rithmic vector bundle of D for each i = 1, . . . ,dimX −1, called the deficiency module of degree i associ-
ated to D. The module H i∗(D) is trivial for D of aCM type. One can also adapt the standard notion of
1-Buchsbaum to H i∗(D) as a weaker notion than aCM to produce a less simple deficiency module. In this
section we obtain a number of Torelli-type results that the deficiency modules determine the arrange-
ments on abelian varieties, K3 surfaces and Enriques surfaces.
2. PRELIMINARIES
Throughout this article, we work over the field of complex numbers C. Let X ⊂ PN be a smooth pro-
jective variety of dimension n ≥ 2 with a very ample line bundle OX (1). For a coherent sheaf E on X and
i ∈Z, we set H i∗(E ) :=⊕t∈ZH
i (E (t )) with E (t ) := E ⊗OX (t ).
Definition 2.1. A coherent sheaf E on a smooth projective variety X ⊂PN is called arithmetically Cohen-
Macaulay (for short, aCM) if we have H i∗(E )= 0 for any i = 1, . . . ,dimX −1.
Notice that being aCM does not depend on a twist of E by OX (1).
Definition 2.2. A divisor D on X is said to have normal crossings if OD,x is formally isomorphic to the
quotient of OX ,x by an ideal generated by t1 · · · tk , where t1, . . . , tk is a subset of the set of local parameters
in OX ,x for all x ∈ D. D is also said to have simple normal crossings if it is the union of smooth divisors
Di , i = 1, . . . ,m, which intersect transversally at each point.
Definition 2.3. An arrangement on X is defined to be a set D = {D1, · · · ,Dm} of smooth irreducible divi-
sors of X with simple normal crossings such thatDi 6=D j for i 6= j . We can associate toD the logarithmic
sheaf Ω1X (logD), the sheaf of differential 1-forms with logarithmic poles along D. The empty arrange-
ment D =; is called the trivial arrangement and its associated logarithmic sheaf is simplyΩ1X .
If D has simple normal crossings, its logarithmic sheaf is known to be locally free and so it can be
called to be the logarithmic bundle. It admits the residue exact sequence
(1) 0−→Ω1X −→Ω
1
X (logD)
res
−→⊕
m
i=1εi∗ODi −→ 0
where εi :Di → X is the embedding and themap res is the Poincaré residue morphism.
Remark 2.4. In the Hodge theory for a smooth projective variety X of dimension at least two with the
Euclidean topology, the piece H1,1(X ) of the Hodge decomposition can be identified with the sheaf co-
homology H1(Ω1X ). Now an ample divisor on X corresponds to a nonzero element in H
1,1(X )∩H2(X ,Q),
and in particular we get h1,1(X ) := h1(Ω1X ) > 0. Thus Ω
1
X is not aCM. On the other hand, if Ω
1
X (logD) is
aCM, then by (1) we see that D has at least h1,1(X ) irreducible components.
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Remark 2.5. Denoting the tangent bundle of X by T X , the dual of a logarithmic bundleΩ1X (logD) is the
sheaf of logarithmic vector fields along D, denoted by T X (− logD); see [6]. It admits the exact sequence
(2) 0−→ T X (− logD)−→ T X −→⊕mi=1εi∗ODi (Di )−→ 0.
In case when X is subcanonical, i.e. ωX ∼= OX (t ) for some t ∈ Z, by Serre’s duality T X (− logD) is aCM if
and only ifΩ1X (logD) is aCM. If this is the case, we have
(3)
m∑
i=1
h0(ODi (Di ))≤ h
0(T X ).
Note that the line bundle ODi (Di ) is the normal bundle of Di in X , and that the vector space H
0(T X ) is
the tangent space at the identity of the functor Aut(X ); see [3, page 60]. For example, Aut(X ) is countable
if and only if h0(T X )= 0. In particular, we have h0(T X )= 0 if X is of general type. Now assume n = 2; in
most cases there exists a non-trivial global vector field on X , while the vanishing condition h0(T X ) = 0
would provide a strong restriction on the divisors Di ’s. In this article we obtain several partial results
on the (non)existence of (T -)aCM arrangement of hypersurfaces over surfaces with h0(T X ) = 0, which
include the following:
(i) X is of general type;
(ii) the minimal model of X is a K3 surface or an Enriques surface;
(iii) most surface with κ(X )= 1 and κ(X )=−∞;
(iv) X is obtained by blowing up a Del Pezzo surface X of dgree four at finitely many points.
Note that the last class contains the smooth cubic surfaces in P3 and the smooth complete intersection
X ⊂P4 of two quadric hypersurfaces; see Proposition 3.7.
Definition2.6. An arrangementD is said to be of aCM typewith respect toOX (1) if its associated logarith-
mic sheafΩ1X (logD) is an aCM bundle on X with respect to OX (1). We also say that an arrangementD is
T -aCM if the vector bundle T X (− logD) is aCM. By definition and Serre’s duality, over X withωX ∼=OX (e)
for some e ∈Z, we get that D is aCM if and only if it is T -aCM.
Remark 2.7. By Remark 2.4 the trivial arrangement is never of aCM type. By Serre’s vanishing theo-
rem in [10, III.5.2] and Serre’s duality there is a positive integer t0 such that for each t ≥ t0 we have
hi (E ⊗OX (mt )) = 0 for all i = 1, . . . ,n − 1 and all m ∈ Z \ {0}. This implies that there are many choice
of very positive polarizations on X for which a fixed arrangement D is (T -)aCM with respect to these
polarizations.
Remark 2.8. In several cases an arrangement D = {D1, . . . ,Dm} can be shown to be not of aCM type,
simply by showing that hi (Ω1X (logD)) > 0 for some i . This motivates to define weaker notions: an ar-
rangementD on X is said to be aCM in degree 0 (resp. weakly aCM in degree 0) if hi (Ω1X (logD))= 0 for all
1≤ i ≤n−1 (resp. for i = 1). Similarly we can define T -aCM in degree 0 (resp. weakly T -aCM in degree 0)
by considering T X (− logD) instead of Ω1X (logD). Note that these notions do not depend on the choice
of a polarization of X . If D is weakly aCM in degree 0, then we get m ≥ h1,1(X ) from (1). If D is weakly
T -aCM in degree 0, then we get h0(T X )≥
∑m
i=1h
0(ODi (Di )) from (2).
The logarithmic bundles of hyperplane arrangements on projective spaces have already been inves-
tigated by many authors and below we state some results of them. Conventionally, we will denote the
hyperplane arrangement on Pn by H .
Theorem 2.9. [8] Let H = {H1, · · · ,Hm} be a hyperplane arrangement on Pn . Then we have
Ω
1
Pn (logH )
∼=
{
O
⊕(m−1)
Pn
⊕OPn (−1)⊕(n−m+1) if 1≤m ≤n+1
TPn(−1) if m = n+2
Example 2.10. Since OPn is the unique indecomposable aCMbundle on Pn up to twist, the arrangement
D is of aCM type if and only if it is free. By Theoren 2.9 any hyperplane arrangement H = {H1, . . . ,Hm}
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on Pn is of aCM type if 1≤m ≤ n+1. If H is in general position withm ≥ n+2, then it admits a Steiner
resolution
0−→OPn (−1)
⊕(m−n−1)
−→O
⊕(m−1)
Pn
−→Ω
1
Pn (logH )−→ 0;
see [8, Theorem 3.5]. In particular, we have hn−1(Ω1
Pn
(logH )(−n)) = m − n − 1 > 0 and so H is not
of aCM type. On a smooth n-dimensional hyperquadric Qn ⊂ Pn+1 with n ≥ 3, no arrangements with
simple normal crossings are of aCM type by [1, Proposition 4.1].
Example 2.11. For X = P2, we have H1∗(Ω
1
P2
)∼=C at degree 0. Dually we have H1∗(TP
2)∼= C at degree −3.
In particular, with respect to OP2(2), the trivial arrangement D =; is T -aCM, but not aCM.
Remark 2.12. Assume that X is a smooth projective surface. By the Hodge theory and Serre’s duality,
we have q(X ) = h1(ωX ) = h2(Ω1X ). Then for an arrangement D = {D1, . . . ,Dm} of aCM type, the exact
sequence (1) gives
χ(Ω1X (logD))= χ(Ω
1
X )+
m∑
i=1
χ(ODi )
and the inequality
∑m
i=1pa(Di )≤ q(X ). We also get that the classes {[Di ] | 1≤ i ≤m} generates H
1(Ω1X ),
which impliesm ≥ h1,1(X ). Now assume moreover that q(X )= 0, and then we have pa(Di )= 0 for each
i , i.e. each Di is a rational curve. On the other hand, by the Hodge theory we also have h0(Ω1X )= 0 and
so χ(Ω1X )=−h
1(Ω1X )=−h
1,1(X ). In particular, we get
h0(Ω1X (logD))+h
2(Ω1X (logD))=m−h
1,1(X ).
Proposition 2.13. Assume that Pic(X )∼=Z〈OX (1)〉 with h0(OX (1))≥ h0(T X )+2. Then X has no arrange-
ment of (T -)aCM type.
Proof. LetD = {D1, . . . ,Dm} be an arrangment on X . SinceωX ∼=OX (e) for some e ∈Z, the arrangementD
is aCM if and only if it is T -aCM. Recall that the trivial arrangementD =; is not of aCM type by Remark
2.4, and so we may assume m ≥ 1. Take D := Di for some i and set D ∈ |OX (a)| with a > 0. From the
assumption we get h0(OX (a))≥ 2+h0(T X ), and so the exact sequence
0−→OX −→OX (D)−→OD(D)−→ 0
gives h0(OD (D))≥ h0(T X )+1. Thus the exact sequence (2) gives that D is not of aCM type. 
Remark 2.14. Assume that Pic(X )∼=Z〈OX (1)〉 with |OX (1)| 6= ; and h0(T X )= 0. If D = {D1, . . . ,Dm} is an
arrangementwhich is T -aCM in degree 0, then the same argument in the proof of Proposition 2.13 shows
that we have m ∈ {0,1}; in the former case we have h1(T X ) = 0, and in the latter case we have D = {D}
with h0(OX (D))= 1.
3. COMPLETE INTERSECTION
To an arrangement D˜ = {D˜1, . . . ,D˜m} on PN with no D˜i containing X , wemay associate a new arrange-
ment D = {D1, . . . ,Dm} on X with Di := D˜i ∩ X and assume that D has simple normal crossings with
Di 6=D j for i 6= j , e.g. eachDi intersects X transversally. Then we have an exact sequence
(4) 0−→IX ,PN /I
2
X ,PN −→Ω
1
Pn+1
(logD˜)|X −→Ω
1
X (logD)−→ 0.
Lemma 3.1. Let X ⊂ PN be a smooth complete intersection of dimension n and D = {D1, . . . ,Dm} be an
arrangement of hypersurfaces on X with each Di ∈ |OX (ai )| for some positive integer ai . Then there exists
D˜i ∈ |OPN (ai )| with Di = D˜i ∩X for each i such that for any subset J ⊆ {1, . . . ,m}we get either
(i) (∩i∈J D˜i )∩X =;, in which case we have ∩i∈JDi =;, or
(ii) each connected component of (∩i∈J D˜i )∩X containing at least one point of ∩i∈JDi has dimension
N −|J | and it is smooth at each point of ∩i∈JDi .
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Proof. Note that the restriction map H0(OPN (ai ))→ H
0(OX (ai )) is surjective, and thus there exists D˜i ∈
|OPN (ai )|withDi = D˜i∩X for each i . Nowfix a subset J ⊆ {1, . . . ,m}, and thenwe get (∩i∈J D˜i )∩X =∩i∈JDi
set-theoretically.
Assume ∩i∈JDi 6= ; and take a point q ∈ ∩i∈JDi . Since D has simple normal crossings, we have
|J | ≤ n and ∩i∈JDi is smooth of dimension n − |J | at q . Note also that every irreducible component of
(∩i∈J D˜i ) has dimension at least N −|J |. Since X is a complete intersection, each irreducible component
of (∩i∈J D˜i )∩ X has dimension at least n− |J |. Since the reduction of (∩i∈J D˜i )∩ X is smooth at q with
dimension n−|J |, the scheme (∩i∈J D˜i )∩X is locally a complete intersection at q .
Thus it is sufficient to find suitable divisors D˜1, . . . ,D˜m such that the scheme (∩i∈J D˜i )∩ X contains
∩i∈JDi with multiplicity one in a neighborhood of q ; indeedn it is enough to check this at one point of
each connected component of ∩i∈JDi . With no loss of generality assume a1 ≤ ·· · ≤ am, and choose an
arbitrary finite subset S ⊂ D1 ∪ ·· · ∪Dm intersecting each connected component of ∩i∈JDi for each J
with |J | ≤ n, i.e. S contains at least one point from each connected component of ∩i∈JDi for any J . Set
Si := S∩Di .
Nowwe proceed as follows: fix any D˜1 satisfying D˜1∩X =D1, and then take a general D˜2 with D˜2∩X =
D2. Since D˜2 is general in |ID2,PN (a2)| and a2 ≥ a1, D˜2 is tranversal to D1∩D2 at each point of S1∩S2,
concluding the proof if m = 2. Now inductively we may choose a general D˜i ∈ |IDi ,PN (ai )| such that
D˜i is transversal to each (∩ j∈ID j )∩Di at each point of (∩ j∈IS j )∩Si for any subset I ⊆ {1, . . . , i −1} with
cardinality at most n−1. Then this choice of D˜1, . . . ,D˜m satisfies the thesis of the lemma. 
Proposition 3.2. No arrangement D on a smooth hypersurface Xd ⊂ P
n+1 with d ≥ 2, associated to an
arrangement D˜ on Pn+1, is of aCM type on Xd .
Proof. Letting X = Xd ⊂P
n+1, we have the following
(5) 0−→OX (−d )−→Ω
1
Pn+1
(logD˜)|X −→Ω
1
X (logD)−→ 0.
Since OX is aCMwith respect toOX (1), from the long exact sequence of cohomology associated to (4) we
get H i∗(Ω
1
Pn+1
(logD˜)|X )∼=H i∗(Ω
1
X (logD)) for all i = 1, . . . ,n−2, and an exact sequence
(6) 0−→Hn−1(Ω1
Pn+1
(logD˜)|X )−→H
n−1(Ω1X (logD))−→H
n(OX (−d ))∼=H
0(OX (2d −n−2))
∨
We also have an exact sequence
(7) 0−→Ω1
Pn+1
(logD˜)(−d )−→Ω1
Pn+1
(logD˜)−→Ω1
Pn+1
(logD˜)|X −→ 0.
Assume first that D˜ is of aCM type on Pn+1. Then from (7) we get H i∗(Ω
1
Pn+1
(log D˜)|X ) = 0 for any i =
1, . . . ,n−1. Now the twist of (6) by OX (t ) becomes the following
0−→Hn−1(Ω1X (logD˜)(t ))−→H
n(OX (t −d ))
η
−→Hn(Ω1
Pn+1
(logD˜)(t )|X ),
where themap η is the dual of themapH0(Ω1
Pn+1
(log D˜)∨(d−n−2−t )|X )→H0(OX (2d−n−2−t )). Choos-
ing t = 2d −n −2, we have a map η∨ : H0(Ω1
Pn+1
(logD˜)∨(−d )|X )→ H0(OX ). If there exists a direct sum-
mand OPn+1(a) of Ω
1
Pn+1
(log D˜) with a ≤−d , then there would be a nonzero mapΩ1
Pn+1
→Ω1
Pn+1
(log D˜)−→
OPn+1(a) and so an injection OPn+1 (−a)→ TP
n+1, a contradiction due to the assumption d ≥ 2. Thus each
factor ofΩ1
Pn+1
(logD˜) has degree at least 1−d and the map η∨ cannot be surjective. In particular, we get
Hn−1∗ (Ω
1
X (logD)) 6= 0 and so D is not of aCM type on X .
Now assume that D˜ is not of aCM type. If H i∗(Ω
1
Pn+1
(logD˜))≇ 0 for some 1≤ i ≤ n−1, then set
t0 :=min{t ∈Z | H
i (Ω1
Pn+1
(logD˜)(t ))) 6= 0}.
Then from (7) we get H i (Ω1
Pn+1
(logD˜)(t0)|X ) 6= 0, and this implies H i (Ω1X (logD)(t0)) 6= 0 by (4). Thus we
may assume that H i∗(Ω
1
Pn+1
(logD˜))= 0 for all 1≤ i ≤ n−1 and Hn∗ (Ω
1
Pn+1
(logD˜)) 6= 0. Set
t1 :=max{t ∈Z | H
n(Ω1
Pn+1
(logD˜)(t ))) 6= 0}.
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Then by (7) we get Hn−1(Ω1
Pn+1
(log D˜)(t1+d )|X ) 6= 0 and so we get Hn−1(Ω1X (logD)(t1+d )) 6= 0. ThusD is
not of aCM type on X . 
Remark 3.3. Take two smooth projective varieties X ⊂ Y in PN such that X ∈ |OY (d )| with d ≥ 2 and Y
is subcanonical with OY aCM with respect to OY (1). This implies that X is also subcanonical with OX
aCM with respect to OX (1). Then by the same argument in the proof of Proposition 3.2 we get that no
arrangement D on X , associated to an arrangement D˜ is of aCM type. For example, in the case when D˜
is of aCM type on Y , the map η∨ : H0(Ω1Y (logD˜)
∨(−d )|X )→ H0(OX ) is again not surjective, because we
get H0(Ω1Y (logD˜)
∨(−d )|X ) = 0. Otherwise, we would have H0(Ω1Y (logD˜)
∨(−d )) 6= 0 since Ω1Y (logD˜)
∨ is
also aCM with respect to OY (1) and so H1(Ω1Y (log D˜)
∨(−2d )) = 0. Then we get a non-trivial map Ω1Y →
Ω
1
Y (logD˜)→OY (−d ), a contradiction.
Corollary 3.4. No arrangement D on a smooth complete intersection X ⊂ Pn+1 of degree at least two,
associated to an arrangement D˜ on Pn+1, is of aCM type on X .
Proof. By Proposition 3.2 we may assume that X ⊂ Pn+1 is non-degenerate with codimension s ≥ 2. Set
X = Y1∩ . . .∩Ys with each Yi a hypersurface of degree di and d1 ≥ ·· · ≥ ds ≥ 2 so that the homogeneous
ideal IX ,Pn+1 is generated by (n+1−s) forms of degree d1, ...,ds . Since the ideal sheafIX ,Pn+1 (d1) is globally
generated, by Bertini’s theorem a general Y1 ∈ |IX ,Pn+1(d1)| is smooth outside X . Since X is smooth, the
hypersurface Y1 is smooth at each point of X , because X = Y1∩ . . .∩Ys scheme-theoretically. Thus we
may assume that Y1 is smooth. By the same argument we may choose each Yi so that Y1 ∩ . . .∩Yi is
smooth. In particular, X is a subvariety of a smooth variety Y :=Y1∩ . . .∩Ys−1 with X ∈ |OY (ds)|. Since ds
is at least two, we get the assertion by Remark 3.3. 
Remark 3.5. The assertion in Proposition 3.2 does not hold in general if an arrangement D is not asso-
ciated to an arrangement on Pn+1. For example, consider a smooth quadric surfaceQ ⊂ P3 and take an
arrangementD = {A1, . . . ,Aa ,B1, . . . ,Bb} of a+b distinct lines with each Ai ∈ |OQ (1,0)| and B j ∈ |OQ (0,1)|.
Then we have
Ω
1
Q (logD)
∼=OQ (a−2,0)⊕OQ (0,b−2)
by [1, Proposition 6.2]. Note that the case (a,b)= (1,1) is not an arrangement associated to an arrange-
ment of a hyperplane in P3, because the hyperplane does not intersect Q transversally and also each
ruling is not given as a hyperplane section. In particular, Ω1Q (logD) is aCM if and only if 1 ≤ a,b ≤ 3.
In fact, this is the only possibility for the arrangements of aCM type. If D = {D1, . . . ,Dm} be an arrange-
ment of aCM type on Q , then each Di is smooth and rational by Remark 2.12 and q(Q) = 0. Note that
H2(Ω1Q (−1,−1))
∼=H0(OQ (−1,1)⊕OQ (1,−1))∨ ∼= 0. Thus from the twist of (1) we geth1(OQ (−1,−1)⊗ODi )=
0 for each i . IfDi is in |OQ (a,b)|, then we have h1(OQ (−1,−1)⊗ODi )= h
0(ODi (a+b−2)) by Serre’s duality
and so we get a+b ≤ 1. In particular, eachDi is a line.
Remark 3.6. Let X ⊂ PN be a smooth complete intersection defined by s hypersurfaces of degree d1 ≥
·· · ≥ ds ≥ 2. If n ≥ 3, then by the Lefschetz theorem we get Pic(X ) = Z〈OX (1)〉; see [18, Corollary 1.27].
In case n = 2, assume that d1 ≥ 4 for k = 1 and (d1,d2) 6= (2,2) for k = 2. Furthermore assume that X
is very general, i.e. denoting by X the variety parametrizing the complete intersection surfaces defined
by hypersurfaces of degree d1, · · · ,ds , the surface X is contained in the complement of countably many
proper subvarieties ofX. Then by Max Noether’s theorem we have Pic(X )=Z〈OX (1)〉; [18, Theorem 3.32
and 3.33].
Proposition 3.7. Let X ⊂ PN with N ∈ {3,4} be a Del Pezzo surface of degree N. Then there exists no
arrangement of aCM type on X .
Proof. First let X ⊂P3 be a smooth cubic surface with ω∨X
∼=OX (1) as the polarization. If an arrangement
D = {D1, . . . ,Dm} on X is of aCM type, then we have m ≥ 7 from Pic(X ) ∼= Z⊕7 and Remark 2.12. Since
we have q(X ) = 0, each Di is smooth and rational by Remark 2.12. Thus we get Di 2 −deg(Di ) = −2.
On the other hand, we have H0(T X ) = 0; indeed, X is a blow-up of P2 at six general points so that any
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automorphism sending each line in X to itself is the identity. In particular, we have |Aut(X )| <∞ and this
implies that there is no nonzero global vector fields on X . Then byRemark 2.5 we also haveh0(ODi (Di ))=
0, i.e. Di 2 < 0. Thus eachDi is a line.
Since D is of aCM type and h1(ODi (−1)) = 0 for each i , we get H
1(T X ) = 0 from (2). We also get
h2(T X ) = h0(Ω1X (−1)) = 0 by Serre’s duality and h
0(Ω1X ) = h
1,0(X ) = q(X ) = 0. In particular, we get
χ(T X )= 0. Now twist the sequence (2) by OX (1) to get the exact sequence
(8) 0−→ T X (− logD)(1)−→ T X (1)−→⊕mi=1ODi −→ 0.
Since D is of aCM type and h1(ODi )= 0 for each i by (2), we get h
1(T X (1))= 0. By Serre’s duality we also
get h2(T X (1)) = h0(Ω1X (−2)) = 0, and thus we have χ(T X (1)) = h
0(T X (1)). Let C ∈ |OX (1)| be a smooth
plane section. Since det(T X (1))∼=OX (3), the restriction T X (1)|C is a vector bundle of rank two onC with
degree 9. Since C is an elliptic curve, we get χ(T X (1)|C )= 9 by Riemann-Roch. Then the exact sequence
(9) 0−→ T X −→ T X (1)−→ T X (1)|C −→ 0
gives χ(T X (1)) = 9 and so h0(T X (1)) = 9. On the other hand, from the restriction of Euler’s exact se-
quence we get h0(TP3(1)|X )= h0(OX (2)⊕4)−h0(OX (1))= 40−4= 36. Thus from the exact sequence
0−→ T X (1)−→ TP3(1)|X −→OX (4)−→ 0
we get h0(T X (1))= 36−31= 5, a contradiction.
Now let X ⊂ P4 be a smooth complete intersection of two quadric hypersurfaces, which can be also
obtained by blow-up P2 at five points such that no three of them are collinear; see [5]. Then we have an
exact sequence
(10) 0−→OP4(−4)−→OP4(−2)
⊕2 −→IX ,P4 −→ 0.
If D = {D1, . . . ,Dm} is an arrangement of aCM type with respect to OX (1)∼=ω∨X , then as in above we have
m ≥ 6, since we have Pic(X ) ∼= Z⊕6. Similarly as in above, each Di is a line. We also get χ(T X ) = 0 and
χ(T X (1)) = h0(T X (1)). For a smooth plane hyperplane section C ∈ |OX (1)|, the restriction T X (1)|C is a
vector bundle of rank two on C with degree 12. Since C is an elliptic curve, we get χ(T X (1)|C ) = 12 by
Riemann-Roch. Thus from the exact sequence (9) we get h0(T X (1))=χ(T X (1))= 12. On the other hand,
since X ⊂ P4 is projectively normal, we get h0(OX (2)) = 13 and h0(OX (1)) = 5 from (10). Thus by Euler’s
exact sequence we get h0(TP4(1)|X )= h0(OX (2)⊕5)−h0(OX (1))= 60. Then from the exact sequence
0−→ T X (1)−→ TP4(1)|X −→OX (3)
⊕2 −→ 0
we get h0(T X (1))=h0(TP4(1)|X )−h0(OX (3)⊕3)= 60−50= 10, a contradiction. 
Finally, by combining Corollary 3.4, Remark 3.5, Remark 3.6 and Proposition 3.7, we obtain the asser-
tions in Theorem 1.1.
Proof of Theorem 1.1: It remains to consider the case X =Pn . IfD = {D1, . . . ,Dm} is an aCMarrangement,
then the twist of (1) by OPn (1−n) would give
0−→⊕mi=1H
n−1(ODi (1−n))−→H
n(Ω1Pn (1−n))
∼=H
0(TPn(−2))∨ ∼= 0.
Since Hn−1(ODi (1−n))
∼= H0(ODi (di −2))
∨ with di = deg(Di ) by Serre’s duality, we get di = 1 for each i .
Then the assertion follows from Theorem 2.9 and Example 2.10. 
On the other hand, there exists a smooth surface in P3 for which the assertion in Theorem 1.1 does
not hold; see Proposition 3.9.
Lemma 3.8. For a smooth surface X ⊂P3 of degree d,
(i) we have h1(Ω1X (t ))= 0 for all t > 0;
(ii) in case d = 4, we have h1(Ω1X (t ))= 0 for all t < 0.
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Proof. Recall that H2∗(Ω
1
P3
)= 0 and H1∗(Ω
1
P3
)∼=C at degree 0. Thus the exact sequence
0−→Ω1
P3
(t −d )−→Ω1
P3
(t )−→Ω1
P3
(t )|X −→ 0
gives H1∗((Ω
1
P3
)|X )= 0. Then we get part (i) from the conormal exact sequence
0−→OX (t −d )−→Ω
1
P3
(t )|X −→Ω
1
X −→ 0.
In case d = 4, we have T X ∼=Ω1X and so we get part (ii) from part (i) and Serre’s duality. 
Proposition 3.9. Let X ⊂ P3 be a smooth quartic surface with Pic(X )∼= Z⊕m ∼=Z〈D1, . . . ,Dm〉 with m ≥ 2,
where each Di is a line. Then the arrangementD = {D1, . . . ,Dm} is aCMwith respect to OX (1).
Proof. Note that we have h1(ODi (t )) = 0 for all t ≥ −1, because each Di is a line. Since the classes of
D1, . . . ,Dm generate H1(Ω1X ), we get h
1(Ω1X (logD))= 0 by (1). In fact, we have h
1(Ω1X (logD)(t ))= 0 for all
t ≥−1 by applying Lemma 3.8 to (1). By Serre’s duality, we have
H1(T X (− logD)(1))∼=H1(Ω1X (logD)(−1))
∨ and H2(T X (− logD))∼=H0(Ω1X (logD))
∨,
where the former is trivial. The latter is also trivial, because [D1], . . . , [Dm] are linearly independent in
H1(Ω1X ). Thus T X (− logD) is 2-regular and so we get h
1(T X (− logD)(t ))= 0 for all t ≥ 2 by Castelnuovo-
Mumford’s regularity lemma. Then by Serre’s duality we have h1(Ω1X (logD)(t ))= 0 for all t ≤−2. 
Remark 3.10. In Proposition 3.9 we may take as X a Fermat quartic of P3 by [14, Theorem 1.1]; refer to
[15] for the weaker result, but still sufficient to get that the classes of the lines generate H1(Ω1X ). OverZ it
was done in [12], as quoted in [14]. Since ωX ∼=OX for a K3 surface X , the arrangement D in Proposition
3.9 is also T -aCM.
4. SURFACES
In this section we always assume that X is a smooth projective surface.
Remark 4.1. We recall here a few cases where wemay choose the polarization OX (1) withωX ∼=OX (t ) for
some t ∈Z, e.g. either ωX or ω∨X is ample. Note that this does not occur if κ(X )= 1.
(a) In case κ(X ) = 2, we get that ωX is ample if and only if X is a minimal model with no smooth
rational curveC ⊂ X withC2 =−2; refer to [2, Proposition 1].
(b) In case κ(X ) = 0, if ωX ∼= OX , then X is a minimal model. Conversely, a minimal model X has
ωX ∼= OX if and only if X is either a K3 surface or an abelian surface; see [9, page 590] and [10, Theorem
V.6.3]. Refer to [9, page 585; case q = 1] for hyperelliptic surfaces.
(c) In case κ(X )=−∞, X must be rational withω∨X ample, i.e. X is a smooth Del Pezzo surface; refer
to [7, Chapter 8].
Remark 4.2. Let D = {D1, . . . ,Dm} be an T -aCM arrangement on a surface X with gi := pa(Di ). Assume
that ωX ·Di < 0 for all i ; this is the case for all Del Pezzo surfaces and refer to [5] for wide review on the
Del Pezzo surfaces. Then by the adjunction formula, we have 2gi −2=Di 2+ωX ·Di <Di 2 for each i , and
this implies by Riemann-Roch that
h0(ODi (Di ))=Di
2+1− gi =
Di
2−ωX ·Di
2
.
In particular, if gi = 1, we have h0(ODi (Di )) = Di
2 ≥ 1. If gi ≥ 2, we get h0(ODi (Di )) ≥ gi . Assume now
that X is a Del Pezzo surface with h0(T X )= 0, i.e. X is the blow-up of P2 at at least four points. Then by
(2) we get h0(ODi (Di ))= 0 and so gi = 0 for each i . Indeed, we getD
2
i
=−ωX ·Di =−1 and hence eachDi
is embedded as a line.
Proposition 4.3. Let X be a smooth surface of general type whose minimal model contains no curve with
geometric genus at most q(X ). Then no arrangement on X is of aCM type.
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Proof. LetD = {D1, . . . ,Dm} be an arrangement of aCM type on X . By Remark 2.12 we have
∑m
i=1pa(Di )≤
q(X ). Let π : X → X˜ be the map to the minimal model X˜ . By assumption the only curves of X with
geometric genus at most q(X ) are the smooth rational curves contracted by π. In particular, each Di is
rational and contracted by π. Define
Γ := 〈[D1], · · · , [Dm]〉 ⊆Num(X )⊗C.
Then the restriction of the intersection form of X to Γ is negative definite and so Γ must be a proper
subset of Num(X )⊗C, contradicting Remark 2.12. 
Proposition 4.4. Let X be a smooth surfacewhoseminimalmodel is an abelian surface. Then no arrange-
ment on X is of aCM type.
Proof. Assume that the map π : X → X˜ to the minimal model is a sequence of k contraction of excep-
tional curves. Then we have h1(Ω1X )= k+h
1(Ω1
X˜
). Since X˜ is an abelian surface, π is the Albanese map-
ping of X with q(X ) = q(X˜ ) = 2. Note that Ω1
X˜
∼= O⊕2
X˜
, and so we get h1(Ω1
X˜
) = 4. In particular, we have
h1(Ω1X )= 4+k . If D = {D1, . . . ,Dm} is an arrangement of aCM type on X , then we have
∑m
i=1pa(Di )≤ 2 by
Remark 2.12. On the other hand, since X˜ is an abelian variety, we get that π(Di ) is a single point for Di
rational. Since the classes of D1, . . . ,Dm generate H1(Ω1X ), the classes of the images of the curves Di not
contracted by π generate H1(Ω1
X˜
). This implies that
∑m
i=1pa(Di )≥ 4, a contradiction. 
Let X = Bl2P2 be the blow-up of P2 at two distinct points, say p1 and p2. It has three exceptional
curvesD1, D2 andD3;Di is the exceptional divisor over the point pi for each i = 1,2, andD3 is the strict
transform of the line L containing {p1,p2}. We have
c21(X )= 7 , c2(X )= c2(T X )= c2(P
2)+2= 5.
From Riemann-Roch and χ(OX )= 1, we get
χ(T X )=
c1 · (c1−ωX )
2
+2χ(OX )−c2(X )= 7+2−5= 4.
Note that we have h0(T X )= 4, because dimAut(X ) = 4 and H0(T X ) is the tangent space at the identity
map [idX ] ∈ Aut(X ). By Serre’s duality we also get h2(T X )= h0(Ω1X ⊗ωX )≤ h
0(Ω1X )= 0. Then these imply
the vanishing h1(T X )= 0. Now choose OX (1) :=ω∨X as the polarization and takeD = {D1,D2,D3}.
Proposition 4.5. The arrangement D of the three exceptional divisors on X = Bl2P2 is of aCM type with
respect to OX (1).
Proof. Since Ω1X is a vector bundle of rank two with Ω
1
X
∼= T X (−1), we have h1(Ω1X (1))= h
1(T X )= 0. We
also have h2(Ω1X ) = h
1(ωX ) = h1(OX ) = 0 by Hodge’s theorem and Serre’s duality. Thus the bundle Ω1X is
2-regular, and by the Castelnuovo-Mumford regularity lemma we have h1(Ω1X (t )) = 0 for all t > 0. Note
that from the cotangent exact sequence
0−→π∗Ω1
P2
−→Ω1X −→⊕
2
i=1εi∗Ω
1
Di
−→ 0
where εi :Di → X is the embedding, we get h1(Ω1X )= 3. Since the classes {[D1], [D2], [D3]} freely generate
H1(Ω1X ), we get h
2(T X (− logD)(−1))=h0(Ω1X (logD))= 0 from h
0(Ω1X )= 0 and the exact sequence (1). By
applying h1(T X )= 0 and degODi (Di )=−1 for each i to the sequence (2), we also get h
1(T X (− logD))= 0.
Thus the bundle T X (− logD) is 1-regular, and in particular we have h1(T X (− logD)(t ))= 0 for all t ≥ 0 by
the Castelnuovo-Mumford regularity lemma. Now assume that t < 0 and set t ′ =−t ≥ 1; by Serre’s duality
we have
h1(T X (− logD)(−t ′))= h1(Ω1X (logD)(t
′
−1)).
From the vanishing h1(ODi (t
′−1))= 0 for each i , we get an exact sequence
⊕
3
i=1H
0(ODi (t
′
−1))
δ
−→H1(Ω1X (t
′
−1))−→H1(Ω1X (logD)(t
′
−1))−→ 0.
10 E. BALLICO AND S. HUH
For t ′ ≥ 2 we have h1(Ω1X (t
′−1))= 0 and so H1(Ω1X (logD)(t
′−1))= 0. In case t ′ = 1 we may use that the
classes {[D1], [D2], [D3]} generate H1(Ω1X ) so that the coboundarymap δ is an isomorphism. 
Although the trivial arrangement is never of aCM type by Remark 2.4, it is still possible for the trivial
arrangement is of T -aCM type. Below we study the arrangement of (T )-aCM type on Hirzebruch sur-
faces.
Let Fe with e ≥ 0 be the Hirzebruch surface with minimal self-intersection section h of its ruling π :
Fe →P
1 with h2 =−e . The surface F1 is isomorphic to the blowing up of P2 at one point and so h0(TF1)=
6. We have F0 ∼= P1×P1 with h0(TF0)= 6. Note that F0 and F1 are the del Pezzo surfaces of degree 8. We
can also interpret the Hirzebruch surfaces as Fe = P(OP1 ⊕OP1(−e)) and this implies h
1(OFe )= g (P
1)= 0.
For e > 0 we have
h0(TFe )= dimAut(Fe )= dimAut(P
1)+dimEnd(OP1 ⊕OP1(−e))−1= e +5;
recall that for every smooth projective variety X , the set of the global vector fields H0(T X ) is the tangent
space at the identity of the functor of all automorphisms of X , and hence we have h0(T X )= dimAut(X );
see [3, page 60]
We also have Pic(Fe ) ∼= Z⊕2 ∼= Z〈h, f 〉, where f is a fiber of a ruling of Fe for which h is a section; we
have h2 = −e , h · f = 1 and f 2 = 0. Note that a line bundle OFe (ah+b f ) is ample if and only if it is very
ample if and only if a > 0 and b > ae . Since ωFe
∼=OFe (−2h− (e+2) f ),there is a subcanonical polarization
of Fe if and only if e = 0,1.
Since the ruling π : Fe →P1 is a submersion, it induces a surjective map π∗ :TFe → π∗(TP1)∼=OFe (2 f ).
So from ω∨
Fe
∼=OFe (2h+ (e +2) f ) we get that TFe fits in an exact sequence
(11) 0−→OFe (2h+e f )−→ TFe −→OFe (2 f )−→ 0.
Remark 4.6. From (11) and its dual, we may compute all twisted cohomology groups of TFe and Ω1Fe .
For example, we get h0(TFe ⊗L ∨) = 0 for every ample line bundle L on Fe . Thus if an arrangement
D = {D1, . . . ,Dm} is T -aCM with respect to an ample line bundle L , we get h0(ODi (Di )⊗L
∨)= 0 for all
i = 1, . . .m from the sequence (3).
Remark 4.7. Assume that e > 0. For a ≥ 0, we have h1(OFe (ah+b f ))=
∑a
i=0h
1(OP1(b−i e)). In particular,
if a ≥ 0 and b ≥ ae−1, thenwe have h1(OFe (ah+b f ))= 0. We also have h
i (OFe (−h+b f ))= 0 for any b ∈Z
and i ∈ {0,1,2} by the Leray spectral sequence of π, because R iπ∗(OFe (−h+b f ))= 0 for any i ∈ {0,1,2}. If
a ≤−2 wemay get its computation using Serre’s duality. In case a =−1 the cohomology always vanishes.
Lemma 4.8. The trivial arrangementD =; on Fe is T -aCM in degree 0 if and only if e ∈ {0,1}.
Proof. Note that the trivial arrangement D =; is T -aCM in degree 0 if and only if h1(TFe) = 0. Assume
that e > 0. Then we have
h0(OFe (2h+e f ))= h
0(OP1(e))+h
0(OP1)= e +2
and h0(OFe (2 f )) = h
0(OP1(2)) = 3. Note also that h
1(OFe (2 f )) = 0. In particular, from (11) we get an
isomorphism H1(OFe (2h+e f ))
∼=H1(TFe ). If e = 1, then we get h1(OF1(2h+ f ))= h
1(OF1(2 f ))= 0, and so
h1(TF1)= 0 from (11). If e ≥ 2, then we have h1(OFe (2h+e f ))= h
1(OP1(−e))= e −1≥ 1. This implies that
h1(TFe ) 6= 0. 
Remark 4.9. If D is a smooth rational curve on Fe , say D ∈ |OFe (ah+b f )|, then we get −2=D
2+ωX ·D,
and so (a−1)(ae −2b+2)= 0. Thus we get one of the following:
(i) D ∈ |OFe ( f )|; h
0(OD (D))= 1,
(ii) D ∈ |OFe (h)|;D = h and h
0(OD (D))= 0 if e > 0,
(iii) D ∈ |OFe (h+b f )|with b ≥ e ;
(iv) e = 0 andD ∈ |OF0 (ah+ f )|with a ≥ 1,
(v) e = 1 andD ∈ |OF1 (2h+2 f )|.
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In case (i) we have deg(OD (D)) = 0 and h0(OD (D)) = 1. In case (ii), we have deg(OD (D)) = −e and so
h0(OD (D))= 0. In case (iii) we have deg(OD (D))= 2b−e and so h0(OD (D))= 2b−e +1.
Lemma 4.10. Let D = {D1, . . . ,Dm} be a T -aCM arrangement on Fe with respect to some polarization.
Then each Di is rational.
Proof. From the sequence (3) we have h0(ODi (Di )) ≤ h
0(TFe ) = e +5 for each i . Set D = Di for some i ,
and assume thatD ∈ |OFe (ph+q f )|with p ≥ 2 and q ≥ pe . Since h
1(OFe )= 0, the exact sequence
0−→OFe −→OFe (D)−→OD (D)−→ 0
gives h0(OD (D)) = h0(OFe (D))−1. First assume e = 0, i.e. F0
∼= P1×P1. Then D is not rational if and only
if p,q ≥ 2. Since h0(OF0(ph + q f )) = (p + 1)(q + 1) and h
0(TF0) = 6, the curve D must be rational; if D
is rational with p = 1, then we have h0(OD (D)) = 2q +1 and so the only possibility would be q ∈ {0,1,2}.
Now assume e > 0. For all integers p ≥ 0 and q ∈Z, we have
(12) π∗(OFe (ph+q f ))
∼=⊕
p
i=0OP1(q − i e),
from which we may compute h0(OFe (ph + q f )). First assume p ≥ 2. Since D is irreducible, we have
q ≥ pe . This implies that
h0(OFe (ph+q f ))≥ h
0(OFe (2h+2e f ))= 3e +3≥ e +5= h
0(TFe).
In fact, we get h0(OD (D))> h0(TFe ) for e ≥ 2. If e = 1, we get the following computation
h0(OF1(2h+3 f ))= h
0(OP1(3))+h
0(OP1(2))+h
0(OP1(1))= 9;
h0(OF1(3h+3 f ))= h
0(OP1(3))+h
0(OP1(2))+h
0(OP1(1))+h
0(OP1)= 10;
so that we may assume that p ≤ 2; in case p = 2, q is at most two and so D is in |OF1(2h+2 f )|. Now take
p = 1 and assume q ≥ e . Then we have
h0(OD (D))= h
0(OFe (h+q f ))−1= 2q −e +1≤ e +5,
and so we get q ∈ {e,e +1,e +2}. Now the assertion follows from Remark 4.9. 
4.1. Case of F0. Let us consider F0 ∼= P1×P1 with a polarization OF0(1) := OF0(a,b) with b ≥ a > 0. We
have TF0 ∼= OF0(2,0)⊕OF0(0,2) and ωF0
∼= OF0(−2,−2). By Künneth formula we have h
1(Ω1
F0
) = 1 and
h1(Ω1
F0
(t ))= 0 for all t 6= 0 and any polarization. We also have h1(TF0)= 0. The bundle TF0 is aCM with
respect to OF0(1) if and only if (a,b)∉ {(1,1), (2,2)}.
We only consider arrangements D = {D1, . . . ,Dm} with smooth and rational Di ’s; this is a necessary
condition for aCM asmentioned in Remark 2.12, but possibly not for T -aCMwith respect to some polar-
ization. So the linear systems in which each Di lives have bidegree (p,1) or (1,q) for some p,q ∈Z≥0.
Remark 4.11. Note thatD is aCM in degree 0 if and only ifm ≥ 2 and the classes {[D1], . . . , [Dm]} generate
H1(Ω1
F0
); we may use the residue map in (1) and h1(ODi ) = 0 for all i . On the other hand, from the
vanishing h1(TF0)= 0 we see thatD is T -aCM in degree 0 if and only if the map
ρ :H0(TF0)∼=C
⊕9
→⊕
m
i=1H
0(ODi (Di ))
obtained from (2) is surjective. Note that ifDi ∈ |OF0(p,q)|with p+q ∈ {1,2,3}, thenwehaveh
0(ODi (Di ))=
2(p+q)−1. If D satisfies one of the conditions above, then there exists a positive integer k0 such that D
is (T -)aCM for any polarization OF0(a,b) with b ≥ a ≥ k0.
Remark 4.12. For any polarization OF0(1) = OF0(a,b) and an arrangement D with smooth and rational
curve Di for each i , we have h1(Ω1F0(logD)(t )) = 0 for all t > 0; we may use (1) together with the van-
ishing h1(Ω1
F0
(t )) = h1(ODi (t )) = 0 for all t > 0. If D is an arrangement of aCM type, then the vanishing
h1(Ω1
F0
(−t )) = 0 for t > 0 induces an injective map H1(⊕m
i=1ODi (−t ))→ H
2(Ω1
F0
(−t )), dually a surjective
map
ψt :H
0(TF0⊗OF0(at −2,bt −2))−→H
0(⊕mi=1ωDi ⊗OF0(at ,bt )),
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which is given from the normal exact sequence associated to the embeddingDi ,→ F0.
For example, in the case t = 1 with (a,b)= (1,1), the surjectivity of ψ1 would imply that each rational
curveDi is a line in a ruling. Together with Remark 4.11 we get that an arrangement D of aCM type with
respect to OF0(1,1) must consist of p lines in one ruling and q lines in the others with p,q ≥ 1. Indeed, it
is observed in [1, Proposition 6.3] that an arrangement D on F0 is of aCM type with respect to OF0(1,1) if
and only if D is of such type with p,q ≤ 3.
On the other hand, take (a,b) = (2,1). Then the surjectivity of ψ1 implies that the bidegree of each
curveDi is (p,q) with p,q ≤ 1. Note that h0(ωDi (2,1)) = q(p +1) for Di ∈ |OF0 (p,q)|. If no divisor Di has
bidegree (1,1), then we haveΩ1
F0
(logD)∼=OF0(−2+k1,0)⊕OF0 (0,−2+k2), where k1 is the number of lines
with bidegree (1,0) in D and k2 is the number of lines with bidegree (0,1) in D. Then D is of aCM type
with respect to OF0(2,1) if and only if 1 ≤ k1 ≤ 3 and 1 ≤ k2 ≤ 2. Now assume without loss of generality
thatD1 has bidegree (1,1). Then all the bidegrees ofDi with i ≥ 2 are same as (1,0). From the surjectivity
ofψ2 we also getm ≤ 10. Summarizing the argument above, we get the following.
Proposition 4.13. With respect to a fixed polarizationOF0(1)=OF0(2,1), an arrangementD = {D1, . . . ,Dm}
with Di ∈ |OF0(ai1,ai2)| is of aCM type, only if one of the following holds, up to ordering.
(i) (ai1,ai2) = (1,0) for 1 ≤ i ≤ p and (a j1,a j2) = (0,1) for p +1 ≤ j ≤m = p + q with 1 ≤ p ≤ 3 and
1≤ q ≤ 2;
(ii) (a11,a12)= (1,1) and (ai1,ai2)= (1,0) for 2≤ i ≤m withm ≤ 10.
4.2. Case of F1. Note that F1 is obtained by blowing up P2 at a point. Set ψ : F1 → P2 be the blow-up
morphism.
Lemma 4.14. For any polarization OF1(1) on F1, we have h
1(Ω1
F1
(t ))= 0 for all t 6= 0.
Proof. Set OF1(1) := OF1(ah +b f ) with b > a > 0. For t > 0, we have h
1(OF1((at − 2)h + (bt − 1) f )) = 0,
because at − 2 ≥ −1 and bt − 1 ≥ at − 3; see Remark 4.7. We also have h1(OF1 (ath + (bt − 2) f )) = 0,
because bt −2≥ at +a−2≥ at −1. Then we get h1(Ω1
F1
(t ))= 0 from the dual of (11). Now assume t < 0.
Then by Serre’s duality and Remark 4.7 we have
h1(Ω1F1 (t ))= h
1(TF1(−t )(−2h−3 f ))
= h1(OF1((−at )h+ (−bt −2) f ))+h
1(OF1 ((−at −2)h+ (−bt −1) f ))= 0.
from (11). 
Lemma 4.15. For a fixed polarizationOF1(1) :=OF1(ah+b f )with b > a ≥ 2 on F1, the trivial arrangement
is T -aCMwith respect to OF1(1) if and only if h
1(TF1(−1))= 0
Proof. For a fixed integer t ≥ 0, we have h1(OF1(2h + f )(t )) = h
1(OF1 ((at +2)h + (bt +1) f )) = 0, because
bt+1≥ (at+2)−1; see Remark 4.7. On the other hand, we haveh1(OF1(2 f )(t ))=h
1(OF1 (ath+(bt+2) f ))=
0 again by Remark 4.7. Thus (11) gives h1(TF1(t ))= 0. By the same argument as above, we may see that
h1(TF1(−t ))= 0 if at ≥ 3 and (b−a)t ≥ 2, e.g. a ≥ 2 and t ≥ 2. So we get the assertion. 
Remark 4.16. In Lemma 4.15, if we choose the polarization OF1(1) = OF1(ah+b f ) with a ∈ {1,2}, then
the trivial arrangement is never T -aCM; indeed we get h1(TF1(−1))> 0 from (11). Note also that we have
h1(TF1(−1)) = 0, if a ≥ 3 and b ≥ a+2. Thus we set OF1(1)= OF0(ah+ (a+1) f ) with a ≥ 3, in which case
the vanishing h1(TF1(−1)) = 0 is equivalent to the vanishing h1(Ω1F1((a −2)h + (a −2) f )) = 0. Note that
OF1((a −2)h+ (a −2) f )
∼=ψ∗OP2(a −2). Since ψ is a birational morphism, the natural pull-back map of
regular 1-forms induces an injection ψ∗Ω1
P2
(a −2)→ Ω1
F1
((a −2)h + (a −2) f ). Since ψ is birational and
Ω
1
P2
(a −2) is locally free, we get that the map H0(Ω1
P2
(a −2))→ H0(ψ∗Ω1
P2
(a −2)) is injective. Thus the
following injective composite
H0(Ω1
P2
(a−2)) ,→H0(Ω1F1((a−2)h+ (a−2) f ))
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implies that h0(ΩF1((a−2)h+ (a−2) f ))≥ h
0(Ω1
P2
(a−2)) = (a−1)(a−3) by Bott’s formula. On the other
hand, the following long exact sequence of cohomology, obtained from the twisted dual of (11),
H0(OF1((a−2)h+ (a−4) f ))−→H
0(Ω1F1((a−2)h+ (a−2) f ))
−→H0(OF1((a−4)h+ (a−3) f ))−→H
1(OF1((a−2)h+ (a−4) f ))
∼=C
givesh0(Ω1
F1
((a−2)h+(a−2) f ))= (a−1)(a−3)−εwith ε ∈ {0,1}. Here, we get ε= 1 if and only if h1(Ω1
F1
((a−
2)h+ (a−2) f ))= 0, because we have h1(OF1((a−4)h+ (a−3) f ))= 0.
From Lemma 4.15 and Remark 4.16 we get the following.
Proposition 4.17. The trivial arrangement on F1 is T -aCM with respect to OF1(1) = OF1(ah +b f ) if and
only if b ≥ a+2≥ 5.
5. DEFICIENCY MODULE
For an arrangementD on X of dimension n ≥ 2 with a fixed ample line bundle OX (1), set
H i∗(D) :=⊕t∈ZH
i (Ω1X (logD)⊗OX (t )).
for each i = 1, . . . ,n−1, which is amodule over the ring S = SX :=⊕t≥0H0(OX (t )); it is called the deficiency
module of degree i associated to D. Set St = SX ,t := H0(OX (t )). In this section we show that in some
interesting cases these modules uniquely determine D, which is a Torelli-type problem. Similarly we
may also defineT -deficiencymodule to beH i∗(D
T ) :=⊕t∈ZH i (T X (− logD)⊗OX (t )) of degree i associated
to D to ask the same Torelli-type question.
Example 5.1. Let H = {H1, . . . ,Hm} be a hyperplane arrangement of Torreli type on Pn , i.e. H is re-
covered from Ω1
Pn
(logH ). It was proven in [17] that this is the case when H does not osculate a ra-
tional normal curve with m ≥ n + 3. Indeed, each hyperplane Hi is recovered as a hyperplane H with
h0(TPn(− logH )|H ) 6= 0, called an unstable hyperplane. Let fH ∈C[x0, . . . ,xn] be the equation of a hyper-
plane H . Since h0(TPn(− logH ))= 0, we have h0(TPn (− logH )|H ) 6= 0 if and only if the induced map
fH∗ :H
1(TPn(− logH )(−1))→H1(TPn(− logH ))
by the multiplication by fH is not injective. Thus the set of all unstable hyperplanes of Ω1Pn (logH ) can
be described by a small part of the T -deficiencymodule ofD and also by the deficiency module ofD due
to Serre’s duality.
Example 5.2. Fix an arrangement D′ = {D ′1, . . . ,D
′
m} on P
n with n ≥ 2, whose deficiency module deter-
mines D′. Let π : X → Pn be the blow-up at finitely many points p1, . . . ,ps with Ei := π−1(pi ) such that
none of them is contained in one component of D′. Letting Di be the strict transformation of D ′i , we
set D = {D1, . . . ,Dm} an arrangement on X . To define the deficiency modules of D, we need to fix an
ample line bundle OX (1) on X . We have OX (1) ∼= π∗OPn (e0)(−e1E1 − ·· · − esEs) with e1 ≥ . . . ≥ es > 0.
Note that not every choice of (e0, . . . ,es) gives an ample line bundle, e.g. we need e0 > ei for each i ≥ 1.
Now assume s ≥ 2. Consider the line L containing {p1,p2} and its strict transform L˜. Then we get
deg(OL˜(1)) ≤ e0 − e1 − e2 with equality if and only if pi 6∈ L for all i > 2. Since deg(OL˜(1)) is also posi-
tive, we get e0 > e1+ e2. For the same reason, if s ≥ 3 and {pi ,p j ,ph} are collinear with |{i , j ,k}| = 3, then
we get e0 > ei + e j + ek . In case n = 2 and s ≥ 5 we get 2e0 > e1+ e2+ e3+ e4+ e5, because any five points
of the plane are contained in a conic.
Proposition 5.3. Let X be an abelian variety and choose an arrangement D = {D1, . . . ,Dm} on X such
that the classes [D1], . . . , [Dm] are linearly independent in H2(X ,C). Then D is uniquely determined by the
isomorphism class ofΩ1X (logD).
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Proof. By assumption the coboundary map ⊕m
i=1H
0(ODi )→ H
1(Ω1X ) induced by (1) is injective, which
implies that the natural map H0(Ω1X ) → H
0(Ω1X (logD)) is an isomorphism. In particular, the sheaf
⊕m
i=1ODi is isomorphic to the cokernel of the evaluation map
H0(Ω1X (logD))⊗OX
∼=Ω
1
X −→Ω
1
X (logD),
concluding the assertion. 
Asmentioned in Remark 2.7 the notion of aCMand reconstructability for an arrangementD obviously
depend on the choice of a polarization on X . No arrangement may be reconstructable for all polariza-
tions on X , as shown by the following well-known observation. At the opposite side of reconstructible
arrangements there are the 1-Buchsbaumand 1T-Buchsbaumarrangements in the sense of the following
definition.
Definition 5.4. For a fixed ample line bundle OX (1), an arrangement D is said to be 1-Buchsbaum
(resp. 1T -Buchsbaum) in degree i with respect to OX (1) if the ring SX acts trivially on each H i∗(D) (resp.
H i∗(D
T )). If D is 1-Buchsbaum (resp. 1T -Buchsbaum) in every degree i = 1, . . . ,n−1, then we say that it
is 1-Buchsbaum (resp. 1T -Buchsbaum).
Remark5.5. If the polarization is subcanonical, then the twonotions of 1-Buchsbaumand1T -Buchsbaum
coincide. Remark 2.7 shows that every arrangement is 1-Buchbaum and 1T - Buchsbaum for some polar-
ization. As Example 5.6 shows, both notions are clearly weaker than the notion of aCM.
Example 5.6. Let X be an abelian variety of dimension n with a fixed ample line bundle OX (1). Since
hi (OX (t ))= 0 for all t ∈Z\ {0} and i = 1, . . . ,n−1, the trivial arrangement D =; is 1-Buchsbaum, but not
aCM.
Proposition 5.7. Let X be a Del Pezzo surface of degree N with N ∈ {5,6,7,8}, as the blow-up π : X →P2 at
(9−N )-points p1, . . . ,p9−N . Setting Di := π−1(pi ) for each i , consider an arrangementD = {D1, . . . ,D9−N }.
Then any subarrangement D′ ⊂ D is aCM in degree zero with respect to OX (1) := ω∨X . In particular, D
′ is
1-Buchsbaum.
Proof. Note that X is obtained by blowing up π : X →P2 at (9−N )-points p1, . . . ,p9−N such that no three
of them are collinear. This implies h1(T X )= 0. We also have the cotangent exact sequence
0−→π∗Ω1
P2
−→Ω1X −→⊕
9−N
i=1 εi∗Ω
1
Di
−→ 0
where εi : Di → X is the embedding, from which we get h1(Ω1X (t )) = 0 for all t > 0 and h
1(Ω1X ) = 9−N .
This implies by T X ∼=Ω1X (1) and Serre’s duality that h
1(Ω1X (t ))= 0 for all t 6= 0. Again by Serre’s duality we
have h1(T X (t ))= 0 for all t 6= −1.
Now without loss of generality we may set D′ = {D1, . . . ,Dm} with m ≤ 9−N . Since each Di is a
smooth rational curve, we have h1(ODi (t )) = 0 and (1) implies h
1(Ω1X (logD
′)(t )) = 0 for t > 0. Now as-
sume t < 0 and set t ′ = −t . By Serre’s duality we need to prove that h1(T X (− logD′)(t ′ − 1)) = 0. First
consider the case t ′ = 1. Since Di is a smooth and rational curve with ODi (Di )
∼= ODi (−1), we have
h1(T X (− logD′))= 0 from (2). On the other hand, we have h2(T X (− logD′)(−1))= h0(Ω1X (logD
′)). Since
X is smooth and rational, we have h0(Ω1X )= 0. Note that eachDi is a different exceptional divisor, we get
that [D1], . . . , [Dm] are linearly independent in H2(X ,C) and so in H1(Ω1X ). Thus the exact sequence (1)
gives h0(Ω1X (logD
′))= 0. This implies that the bundle T X (− logD′) is 1-regular, and by the Castelnuovo-
Mumford regularity lemma we get that h1(T X (− logD′)(t ′−1))= 0 for all t ′ > 0. 
Let ℓ : V →W be a linear map between finite-dimensional vector space. We say that ℓ hasmaximal
rank if it is either injective or surjective. In this case we have
dimker(ℓ)=max{0,dimV −dimW } and dimIm(ℓ)=min{dimV ,dimW }.
In general, for a standard graded algebra S, i.e. it is generated by S1, a finite-dimensional graded S-
module M =⊕t∈ZMt is said to have the weak Lefschetz property (resp. strong Lefschetz property) if for a
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general f ∈ S1 the linear mapsMt −→Mt+1 induced by f havemaximal rank (resp. for every integer q > 0
the linear mapsMt −→Mt+q , induced by f q havemaximal rank) for all t ∈Z.
Definition 5.8. An arrangement D on X is said to have very strong Lefschetz property in degree i if for
any q > 0 and a general element f ∈ Sq the linear map
(13) µD( f ,p, i ) :H
i (Ω1X (logD)(p))−→H
i (Ω1X (logD)(p+q))
induced by f has maximal rank for every p ∈Z.
Remark 5.9. For a positive integer q and z ∈ S×1 = H
0(OX (1))×, the multiplication by zq induces a linear
map µD(zq ,p, i ) for each i ∈ {0, . . . ,n} and p ∈Z. Since the scalar multiplication on z produces no change
in the rank of µD(zq ,p, i ), we may consider a natural stratification
Z0(D,q,p, i )⊂Z1(D,q,p, i )⊂ ·· · ⊂PH
0(OX (1))
where Z j (D,q,p, i ) is the set of z ∈ H0(OX (1))×, up to scalar, whose corresponding map µD(zq ,p, i ) has
rank less than j + 1. For instance, D is strictly k-Buchsbaum if and only if we have Z0(D,q + 1,p, i ) =
PH0(OX (1)) for all p ∈ Z and i ∈ {1, . . . ,n − 1}, but there is at least one i ∈ {1, . . . ,n − 1} and p ∈ Z with
Z0(D,q,p, i ) ( PH0(OX (1)) for some p ∈ Z and i ∈ {1, . . . ,n − 1}. Note that for each i > 0 and p ∈ Z
there is an integer q such that Z0(D,q,p, i ) = PH0(OX (1)), because OX (1) is ample. Now for a fixed
z ∈ H0(OX (1))×, the order of the deficiency modules of D with respect to z, denoted by ordD,z , is the
minimal integer q such that Z0(D,q,p, i ) = PH0(OX (1)) for all i = 1, . . . ,n − 1 and all p,q ∈ Z, with the
convention that ordD,z = 0 for D aCM.
Remark 5.10. In Definition 5.8, the graded algebra S = SX is not necessarily standard, i.e. the natural
map H0(OX (1))⊗k → H0(OX (k)) may not be surjective for some k ≥ 2. It is clear that D has very strong
Lefschetz property in degree i if there exists at most one integer t such that H i (Ω1X (logD)(t )) 6= 0. These
are equivalent conditions if D is 1-Buchsbaum in degree i . Note also that the analogues of all these
notions may be defined by considering T X (− logD) instead ofΩ1X (logD).
Remark 5.11. Let D be an integral curve on a smooth projective variety X . Fix any nonzero element
f ∈ Sq with q > 0. Then its associated map f∗,t : H1(OD (t ))→ H1(OD (t + q) is surjective for any t ∈ Z,
because its dual map H0(ωD (−t −q))→H0(ωD (−t )) is injective; here we use thatD is an integral curve.
Example 5.12. Let X be a smooth K3 surface with a fixed ample line bundle OX (1). We fix a positive
integer a with h1(Ω1X (a)) = 0 and consider an arrangement D = {D1, . . . ,Dm} with each Di ∈ |OX (a)|;
if OX (a) is very ample, then we may find such an arrangement for any m. By the adjunction formula
we have ωDi
∼= ODi (a) and so 2pa(Di )− 2 = deg(ODi (a)) = a
2deg(X ) for each i . In particular, we get
h1(ODi )= 1+a
2deg(X )/2≥ 2. By Hodge theory we have h2(Ω1X )=h
1(ωX )= 0. Thus (1) gives
h1(Ω1X (logD))= h
1(Ω1X )+mpa(Di )−ρ
for any i , where ρ is the dimension of the linear span of {[D1], . . . , [Dm]} in H1(Ω1X ). By Serre’s duality we
have h2(Ω1X (a)) = h
0(T X (−a)) = 0. Since ωDi
∼= ODi (a) for each i , we have h
1(ODi (a)) = 1 and (1) gives
h1(Ω1X (logD)(a)) =m. Let fi ∈ H
0(OX (a)) \ {0} be an element defining Di ; by assumption fi and f j are
not proportional for i 6= j . For any nonzero element f ∈H0(OX (a)), we have a map
f∗ :H
1(Ω1X (logD))−→H
1(Ω1X (logD)(a))
∼=H
1(⊕mi=1ODi (a))
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that factors through H1(⊕m
i=1ODi ), which also fits into the following commutative diagram
0 0
↓ ↓
0−→ Ω1X −→ Ω
1
X (logD) −→ ⊕
m
i=1ODi −→ 0
↓ ↓ ↓
0−→ Ω1X (a) −→ Ω
1
X (logD)(a) −→ ⊕
m
i=1ODi (a) −→ 0
↓ ↓ ↓
0−→ Ω1X (t +q)|D −→ Ω
1
X (logD)(t +q)|D −→ ⊕
m
i=1OD∩Di (t +q) −→ 0
↓ ↓ ↓
0 0 0,
where the first two rows are the exact sequence (1) twisted by 0 and a, respectively, and all vertical maps
are induced by the multiplication by f with D as its associated divisor. Note that the right vertical se-
quence is not necessarily short exact. Recall that h2(Ω1X )= h
2(Ω1X (a))= h
1(Ω1X (a))= 0. If f is not a scalar
multiple of fi for some i , then themap f∗ is surjective by Remark 5.11. In case when f is a scalarmultiple
of one of fi ’s, the map f∗ has corank one. Thus the deficiency module H1∗(D) determines D.
In the next example for Enriques surfaces we see how a certain arrangement is determined by the
deficiency module of D, or to be precise, by the deficiency module of a twist of Ω1X (logD) by ωX a line
bundle of order two. In particular, the arrangement D in consideration is uniquely determined by the
isomorphism class ofΩ1X (logD)⊗ωX and so by the isomorphism class ofΩ
1
X (logD).
Proposition 5.13. Let X be an Enriques surfacewith a fixed ample line bundleOX (1). Fix an arrangement
D = {D1, . . . ,Dm} with each Di ∈ |OX (a)⊗ωX | for some positive integer a with h1(Ω1X (a)⊗ωX ) = 0. Then
the multiplicationmap
γ :H0(ωX (a))⊗H
1(Ω1X (logD)⊗ωX )−→H
1(Ω1X (logD)(a))
determinesD.
Proof. Note that we use thatω⊗2
X
∼=OX in the definition of γ. Let fi ∈H0(OX (a)⊗ωX ) be a nonzero equa-
tion defining Di . By assumption fi and f j are not proportional for i 6= j . Now for each f ∈ H0(OX (a)⊗
ωX ), consider a map
γ f :H
1(Ω1X (logD)⊗ωX )→H
1(Ω1X (logD)(a))
defined by α 7→ γ(z,α). By Serre’s duality we have h2(Ω1X ⊗ωX )=h
0(T X )= 0. Thus from (1) we get
h1(Ω1X (logD)⊗ωX )= h
1(Ω1X ⊗ωX )+mh
1(ODi ⊗ωX )
for any i , because we have h0(ωX ⊗ODi ) = 0. By Serre’s duality we also have h
2(Ω1X (a)) = h
0(T X (−a)⊗
ωX )= 0. Since ωDi
∼= ODi (a) for each i by the adjunction formula, we get H
1(ODi (a))
∼= H0(ODi )
∨ and so
we get that H1(Ω1X (logD)(a))
∼=H1(⊕mi=1ODi (a)) ism-dimensional. Note that themap γ f factors through
H1(⊕m
i=1ODi ⊗ωX ). Thus as in Example 5.12 we get that γ f for f 6= 0 is surjective if and only if f is not a
scalar multiple of fi for some i ; the map γ fi has corank one for each i . 
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